One-loop corrections to the primordial tensor spectrum from massless
  isocurvature fields by Tan, H. S.
One-loop corrections to the primordial tensor spectrum from
massless isocurvature fields
Hai Siong Tan
Division of Physics and Applied Physics, School of Physical and Mathematical Sciences,
Nanyang Technological University,
21 Nanyang Link, Singapore 637371
Abstract
We study one-loop corrections to the two-point correlation function of tensor perturbations in
primordial cosmology induced by massless spectator matter fields. Using the Schwinger-Keldysh
formalism in cosmological perturbation theory, we employ dimensional regularization and cutoff
regularization to compute the finite quantum corrections at one-loop arising from massless isocur-
vature fields of various spins < 2 which are freely propagating on the FRW spacetime. For all cases,
we find a logarithmic running of the form C
q3
H4
M4p
log
(
H
µ
)
where C is a negative constant, H is the
Hubble parameter at horizon exit and µ is the renormalization scale.
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1 Introduction
The Schwinger-Keldysh formalism has been the underlying quantum field theoretic framework for
computing correlation functions in cosmological perturbation theory, many crucial aspects of which
were presented in the seminal paper by Weinberg in [1]. Essential cosmological observables such
as the primordial spectra and bispectra are derived within the validity of this formalism which
carries with it the prescription to compute loop effects for these correlation functions. In this
paper, we will employ this formalism to compute quantum corrections at one-loop to the primordial
tensor spectrum which arise from massless spectator/isocurvature fields freely propagating on the
cosmological spacetime.
Loop corrections to the inflaton two-point function have been considered in several works after
the appearance of [1]. Among the most principal results is that of Senatore and Zaldarriaga in
2
[2] where they showed how the one-loop correction to the scalar spectrum is consistent with scale
invariance, being of the form
〈ζ2k〉1−loop ∼
β
k3
log
(
H
µ
)
=
β
k3
log
(
k
a(τk)µ
)
, (1.1)
where H = k/a(τk) is the Hubble scale at horizon exit, µ is the renormalization scale, a(τ) is the
scale factor of the FRW background, and β is a constant that depends on the type of matter field
that couples to the inflaton - this was computed in [1], [3] and [4] for the cases of minimally and
conformally coupled scalar fields, Dirac fermion and abelian gauge field. Although there has been a
sizable amount of literature discussing loop corrections to cosmological correlation functions (see for
example [5] for a nice review), much less attention has been devoted specifically to loop corrections
to the tensor spectrum. In [6], a generalization of [3] was done to compute quantum correction at
one-loop level to the tensor spectrum due to free massive and massless Dirac fermions and it led to
a result similar to (1.1) with β being more technically involved to compute and smaller by a factor
of H
2
M2p
. There was also a similar attempt to compute the one-loop correction due to scalars in [7].
An appropriate regularization procedure for making sense of the loop integrals is required to
extract the finite one-loop correction, and we found that the methods first presented in [2] were
not quite accurately implemented in the papers discussing loop corrections to the scalar and tensor
spectra. For example, in an earlier work in [4], we revisited the calculation for the scalar spectrum
and corrected the factors of β in (1.1) as presented in [3]. Loop corrections also arise in the
computation of potentially discoverable observables like non-gaussianity and in particular they can
harbor signatures of matter fields dynamically present during inflation. Such calculations rely on
the correct implementation of the Schwinger-Keldysh formalism and thus there is good motivation
for understanding how to regularize divergent loop integrals correctly. In this paper, we will use
both dimensional regularization and cutoff regularization. For the former, we furnish some details
(crucial for concrete computations) missing (or implied) in both [1] and [2] which can be relevant
for other loop computations within the general context of cosmological perturbation theory. This
was first done for a related context ( loop corrections to the scalar spectrum ) in [4].
In this paper, we consider massless isocurvature fields minimally coupled to the FRW back-
ground, specifically the real scalar, Dirac fermions, abelian gauge field and the spin-3/2 gravitino
field. We find that contrary to S-matrix elements in the standard QFT setting where loop correc-
tions due to bosons and fermions could have opposite signs, the one-loop corrections due to fields
of various spins are identically of the negative sign and take the following form in momentum space
〈hmnhmn〉1−loop = C
q3
H4
M4p
log
(
H
µ
)
, H =
q
a(τq)
, (1.2)
where hmn is the tensor perturbation gauge-fixed to be transverse and traceless, and C is a negative
constant. Although we do not perform any resummation of higher loop effects in this work, we
note that if we assume that they resum appropriately (via for example dynamical renormalization
group [8]), our one-loop result naively suggests that these quantum corrections on their own lead
to a small red-tilt of the tensor spectrum.
The outline of our paper is as follows: in Section 2, we provide the general scheme of the one-loop
computation including the two regularization methods and some details concerning the graviton
3
4-point function which are universally relevant for all the matter fields considered. This is followed
by Section 3 where we present some technical details specific to each type of matter field and the
one-loop correction constant C in (1.2) for each. In particular, we furnish some details concerning
the massless gravitino which should be relevant for future analysis of gravitino loops in related
contexts (such as the supersymmetric EFT of inflation presented in [9] ). In Section 4, we briefly
explain why all seagull vertices in the interaction Hamiltonians do not contribute to the one-loop
logarithmic term in (1.2) for all the cases considered. Finally, in Section 5, we conclude with a
summary of results and outlook.
2 General aspects of the one-loop computation
2.1 Schwinger-Keldysh formalism
In the Schwinger-Keldysh (or ‘in-in’) formalism1, we compute the two-point correlation function
of the tensor perturbation 〈hmn(~x, τ)hmn(~x′, τ)〉 evaluated at some common late time τ in the
interaction picture, with the prescription
〈Ω|hmn(~x, τ)hmn(~x′, τ)|Ω〉
= 〈0|
[
T¯ exp
(
i
∫ τ
−∞+
dtHint(t)
)]
hmn(~x, τ)hmn(~x
′, τ)
[
T exp
(
−i
∫ τ
−∞−
dtHint(t)
)]
|0〉,
(2.1)
where the interaction Hamiltonian Hint(t) is obtained by first carrying out a perturbation of the
background metric in the Lagrangian, collecting all terms up to quadratic order and then performing
the standard Legendre transform of each dynamical field. Henceforth, we take τ ≈ 0.
In (2.1), the vacuum state of the free theory |0〉 is obtained after projecting on the interacting
vacuum state |Ω〉 with an i presciption, with the infinities analytically continued as
∞± =∞(1± i), (2.2)
with  being a real and positive regulator. In the interaction picture, the field operators evolve
via the free Hamiltonian and thus they are expanded in terms of modes which are solutions to the
Mukhanov free field equations. The vacuum expectation value is then computed in perturbation
theory by expanding (2.1) to the required order. In this work, we focus on one-loop corrections
to the primordial spectrum which, for the theory that we consider - Einstein gravity coupled to
various matter fields - arise from terms in (2.1) up to and including the following second-order
terms
〈hmn(~x)hmn(~x′)〉 = −2Re
(∫ 0
−∞+
dτ2
∫ τ2
−∞+
dτ1〈0|H1H2hmn(~x)hmn(~x′)|0〉
)
+
∫ 0
−∞+
dτ1
∫ 0
−∞−
dτ2〈0|H1hmn(~x)hmn(~x′)H2|0〉 (2.3)
1See for example [10] and [11] for a good review of this topic.
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(a) (b)
Figure 1: For the matter fields we consider in this work, all interaction Hamiltonians that give
rise to the one-loop correction term are of the form diagrammatically represented by (a) whereas
‘seagull’ vertices of the form (b) do not contribute as we explain in Section 4 .
where H1,2 =
∫
d3x1,2Hint(τ1,2, ~x1,2). As we shall see later in Section 4, the first-order terms of the
form
−2Im
(∫ 0
−∞+
dτ〈Hint(τ)hmn(~x, 0)hmn〉
)
do not contribute to the one-loop logarithimic correction term for the matter fields that we con-
sider. Diagrammatically, we can represent the second- and first-order terms in Figure 1a and 1b
respectively.
We work in the spatially flat gauge, with the tensor perturbations defined as
gij = bij + γij , bij = a
2δij , γij = a
2hij ,
gij = bij − γij + γikγkj + . . . , (2.4)
with hij being transverse and traceless. In this paper, we work in the conformal chart of the
FRW geometry with vierbein eµa =
1
a(τ)δ
µ
a . Relative to the primordial scalar spectrum, the tensor
spectrum is smaller by a factor of the slow-roll parameter  and in this paper, we will keep to the
lowest order in the slow-roll expansion. For example, the graviton and scalar mode wavefunctions
are solutions of the relevant field equations defined on planar de Sitter spacetime.
In evaluating the correlation functions, we note that the terms which contribute to the one-loop
quantum correction arise from terms in Hint which are linear in hmn. Thus, in (2.3), each correlation
function factorizes into a product of a 4-point function of matter fields (and their derivatives) and
a 4-point function of the graviton field hmn. There are two time integral contours in (2.3) which
contain the same matter field 4-point function but slightly different graviton 4-point functions. The
main technicality involved in the computation lies in the simplification of the index contractions
between these two 4-point functions which will be elaborated in the subsequent sections.
2.2 Graviton 4-point function
The graviton field can be expanded in terms of bosonic oscillators aˆ~q,λ, mode wavefunctions hq(τ)
and rank-two polarization tensors ij as follows (q ≡ |~q|)
hij =
∫
d3q
∑
λ
ei~q·~xij(qˆ, λ)aˆ~q,λhq(τ) + c.c., hq(τ) =
√
16piG
(2pi)3/2
H
q3/2
(1 + iqτ)e−iqτ , (2.5)
5
with
[aˆ~q,λ, aˆ~q′,λ′ ] = δ
3(~q − ~q′)δλλ′ ,
and the polarization tensor satisfying (see for example [12])∑
λ
ij
∗
kl = δikδjl+δilδjk−δijδkl+δij qˆkqˆl+δklqˆiqˆj−δikqˆj qˆl−δilqˆj qˆk−δjkqˆiqˆl−δjlqˆiqˆk+qˆiqˆj qˆkqˆk, (2.6)
∑
λ,λ′
kl(qˆ, λ)
∗
mn(qˆ, λ)
∗
ij(qˆ, λ
′)mn(qˆ, λ′) = 2 (δkiδlj − δkiqˆlqˆj − δlj qˆkqˆi + qˆkqˆlqˆiqˆj)
+2 [δkjδli − δklδij + δij qˆkqˆl − δliqˆkqˆj + δklqˆiqˆj − δkj qˆlqˆi] .
(2.7)
For subsequent calculations, it is rather useful to note the following properties : (i)∗mn(−~q, λ) =
mn(~q, λ), (ii)(2.7) is invariant under the exchanges i ↔ j, k ↔ l and {k ↔ i, l ↔ j}. Using the
above mode expansion, it is straightforward to compute the graviton 4-point functions, leaving
them in terms of 6D virtual momenta integrals. After summing up two Wick contractions in each
correlation function, we find
〈0|hkl(x1)hij(x2)hmn(~x, 0)hmn(~x′, 0)|0〉 = 8
(2pi)6
H4
M4p
∫
d3sd3s′ ei~s·(~x1−~x)ei~s
′·(~x2−~x′)e−isτ1−is
′τ2
×(1 + isτ1)(1 + is
′τ2)
s3s′3
∑
λ,λ′
kl(sˆ, λ)
∗
mn(sˆ, λ)ij(sˆ
′, λ′)∗mn(sˆ
′, λ′),
(2.8)
〈0|hkl(x1)hmn(~x, 0)hmn(~x′, 0)hij(x2)|0〉 = 8
(2pi)6
H4
M4p
∫
d3sd3s′ ei~s·(~x1−~x)ei~s
′·(~x2−~x′)e−isτ1+is
′τ2
×(1 + isτ1)(1− is
′τ2)
s3s′3
∑
λ,λ′
kl(sˆ, λ)
∗
mn(sˆ, λ)ij(sˆ
′, λ′)∗mn(sˆ
′, λ′).
(2.9)
2.3 A schematic outline of the one-loop computation
In the following, we present the schematic outline of our one-loop computation in particular the
order of integrations in
∫
d3x1d
3x2 〈0|Hint(x1)Hint(x2)hmn(~x, 0)hmn(~x′, 0)|0〉 and∫
d3x1d
3x2 〈0|Hint(x1)hmn(~x, 0)hmn(~x′, 0)Hint(x2)|0〉. The full one-loop result is eventually ob-
tained after performing the time integral contours following (2.3) and performing appropriate reg-
ularizations of the momenta integrals.
(i) Each matter field 4-point function can be expressed in terms of a 6D virtual momenta integral
in the form
〈Gkl(x1)Gij(x2)〉 =
∫
d3p1d
3p2 e
i(~p1+~p2)·(~x1−~x2)Gklij(~p1, ~p2, τ1, τ2),
where Gklij is a function of momenta and time that depends on the specific Hamiltonian and
the mode wavefunctions of the matter field. It is a sum of two Wick contractions.
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Taking into account the phase factor ei~s·(~x1−~x)ei~s′·(~x2−~x′) in the graviton 4-point functions in
(2.9), we first integrate over ~x1,2 to obtain the delta functions
(2pi)6δ3(~s+ ~p1 + ~p2)δ
3(~s+ ~p1 + ~p2)δ
3(~s′ − ~p1 − ~p2)
together with a phase factor ei(~p1+~p2)·(~x−~x′).
(ii) Then we integrate over ~s,~s′ in the graviton 4-point function using the above delta functions.
The integrand is now simply a function of virtual momenta ~p1, ~p2.
(iii) Finally, we perform a Fourier transform
∫
d3xei~q·(~x−~x′)ei(~p1+~p2)·(~x−~x′) = (2pi)3δ3(~q + ~p1 + ~p2),
where ~q is the external momentum.
This leads to the eventual integral measure
∫
d3p1
∫
d3p2δ
3(~q + ~p1 + ~p2). For computational
convenience, we can write this as∫
d3p1
∫
d3p2δ
3(~q + ~p1 + ~p2) =
2pi
q
∫ ∞
0
dp1
∫ p1+q
|p1−q|
dp2 p1p2 (2.10)
We will find that these integral diverge yet a suitable regularization parametrized by H - the
Hubble parameter at horizon exit and µ - the renormalization constant. This enables us to
extract the finite one-loop correction which can be eventually expressed in the form
I =
1
(2pi)2
(
H
Mp
)4 1
q3
F
(
H
µ
)
(2.11)
for some function F
(
H
µ
)
.
In the following section, we will perform the above computations for various matter fields. Since
the procedure is identical for all, we introduce a few other symbols to organize our presentation of
results. Denoting the one-loop correction term by IL, we distinguish between the two time integral
contours as follows.
IL =
2pi
q
∫ ∞
0
dp1
∫ p1+q
|p1−q|
dp2 p1p2 G(p1, p2, q) [−2Re(F1(p1, p2, q)) + F2(p1, p2, q)]
≡ 1
(2pi)2
(
H
Mp
)4 1
q3
(I1 + I2) (2.12)
where F1(p1, p2, q), F2(p1, p2, q) are the time integrals involving the time-dependent functions that
appear in the fields’ mode wavefunctions, and G(p1, p2, q) capture all other functions and constants
obtained after contracting the spacetime indices in the product
Gklij(~p1, ~p2, τ1, τ2)
∑
λ,λ′
kl(qˆ, λ)
∗
mn(qˆ, λ)
∗
ij(qˆ, λ
′)mn(qˆ, λ′)
 .
Some details of the computation will be presented for each matter field. The momenta integrals
yield divergent results and must be regularized, after which
I1 + I2 → F (H/µ).
Specifically, both cutoff and dimensional regularization leads to F (H/µ) being some constant mul-
tiplied to log(Hµ ).
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2.4 Regularization methods
In the following, we explain the methods used to regularize the divergent momenta integrals in
(2.12). For all matter fields we consider, we employ both dimensional regularization and cutoff
regularization and in all cases, we obtain identical finite one-loop correction terms.
2.4.1 Dimensional regularization
For dimensional regularization, we begin by writing the spatial dimensionality as d = 3 + δ, and
noting that the angular integration should generalize as∫
dΩ2+δ =
∫ pi
0
dΘ sin1+δ Θ×Vol(S1+δ) =
∫ pi
0
dΘ sin1+δ Θ× (2pi)pi
δ/2
Γ
(
1 + δ2
) . (2.13)
The integration measure then reads∫
d3+δp1
∫
d3+δp2 δ
3+δ(p1+p2+q) = 2piq
3+δ
(
piδ/2
Γ(1 + δ/2)
)∫ ∞
0
dp1 p
δ
1
∫ p1+1
|p1−1|
dp2 sin
δ Θ (2.14)
where we have expressed the integrand variables in units of q and
sinδ Θ =
[
1−
(
(p2)
2 − p21 − 1
2p1
)2]δ/2
.
There is also the spacetime integral measure
∫
d4x1,2a
4(τ1,2) which is lifted to be
∫
d4+δx1,2a
4+δ(τ1,2).
Up to first-order in δ,
aδ(τ) = 1− δLog(−Hτ) +O(δ2), (2.15)
and we note that we have a product of two such measures in the correlation function that involves a
product of two interaction Hamiltonians. The integrand of (2.12) involves mode wavefunctions and
those running in the loop can be analytically continued to the corresponding solutions in higher
dimensions. In this paper, we consider minimally coupled scalars, Dirac fermions, abelian gauge
fields and the spin-32 gravitino field. Below, we present their higher-dimensional modes which are
crucial for dimensional regularization.
For the scalar field, the analytic continuation of the scalar mode wavefunctions
χk(τ) ∼ H
1+δ/2(−kτ)(3+δ)/2
k(3+δ)/2
H
(1)
(3+δ)/2(−kτ) (2.16)
where H
(1)
(3+δ)/2(−kτ) is the Hankel function of the first kind. For the minimally coupled scalars,
the terms in Hint which give non-vanishing contribution to the one-loop correction are quadratic
in the fields, so expanding in the parameter δ yields
4× 1
2
δ log(−Hτ).
The form of (2.16) is, up to some constants, identical for the graviton mode wavefunctions hk(τ)
in (2.5). Since there is one in each of Hint, together with the scalar mode wavefunctions, we have
altogether a factor of
6× 1
2
δ log(−Hτ). (2.17)
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This turns out to be identical for the other matter fields that we consider in this paper, each of
them having a interaction Hamiltonian that is linear in hkl and quadratic in the fields (seagull
vertices as depicted in Figure 1b don’t contribute and are treated in Section 4).
For the fermions, in d+ 1-dimensional de Sitter, the Dirac equation turns out to read
i
(
γµ∂µ − d
2τ
γ0
)
Ψ = 0,
which admits the d−dimensional spinor wavefunction
Ψ(~x, t) = (−Hτ) d2
∫
ddk
∑
s
ei
~k·~x
[
U~k,s(t)a~k,s + V−~k,s(t)β
†
−~k,s
]
, (2.18)
where U~k,s, V~k,s are spinors with definite conformal momenta in d+1-dimensional Minkowski space-
time. Expanding d = 3 + δ, one obtains a correction factor of 12δ log(−Hτ), similar to what arises
from the analytic continuation of scalar mode wavefunctions.
For the gauge fields, we checked that the free d−dimensional Maxwell equations in conformal
coordinates imply that the modes Ak(τ) satisfy
d2Ak
dτ2
+ k2Ak − (d− 3)1
τ
dAk
dτ
= 0. (2.19)
In the case of d = 3, we obtain plane waves which can be normalized with Bunch-Davies condition.
For generic d = 3 + δ, we find the solution
Ak ∼ (−Hτ)
1+δ
2 H
(1)
1+δ
2
(−kτ), (2.20)
where H
(1)
v (−kτ) denotes the Hankel function of the first kind. Once again expanding d = 3 + δ,
one obtains the same correction factor of 12δ log(−Hτ).
For the spin-32 gravitino field, as we shall derive in detail later, the interaction Hamiltonian reads
Hint(~x, τ) = a(τ)h
ik
[
ψiγ
r∂rψk +
1
2
(
ψjη
jmγk∂iψm + ψjγi∂
jψk
)]
, (2.21)
where it can be shown that ψk =
1√
a
ΨDirac with ΨDirac satisfying the ordinary Dirac equation in
four dimensions. The analytic continuation of each gravitino field in Hint to higher dimensions thus
induces the same factor of 12δ log(−Hτ).
To summarize, for all matter fields, the analytic continuation of the mode wavefunctions as well
as the scale factor in each integration of Hint over all spacetime implies the following term that is
first-order in the regularization parameter δ:(
4 + 2
2
− 2
)
δ log(−Hτ) (2.22)
Although we shall see later that seagull vertices do not contribute to the one-loop correction,
we note in passing that a similar calculation gives
(
2+2
2 − 1
)
δ log(−Hτ) = δ log(−Hτ) which is
identical to (2.22). Finally, taking into account the qδ term in (2.14) (the other δ-dependent terms
9
in (2.14) will only yield unimportant constants), we can derive the expression for the finite one-loop
logarithmic correction in dimensional regularization which is the finite part of
IL ∼ 1
(2pi)2
(
H
Mp
)4 1
q3
(
1 + δ log
(
q
µ
))(
−J1 + J2
δ
+ . . .
)(
1 + δ log
(
H
q
))
, (2.23)
where we have also invoked the fact that the time-integrals are dominated by the time of horizon
exit, and J1,2 denote the residues of the momenta integral in (2.12) in each of the time integral
contour after scaling all virtual momenta in units of q. To pick up this residue, we find it convenient
to perform a coordinate transformation as follows.
P = pδ1. (2.24)
In (2.12), we first integrate over p2 without encountering any divergences. Then we perform the
coordinate transformation in (2.24). The integral from p1 = 0 to p1 = q does not contribute to
the logarithmic correction so we focus on the remaining domain of integration. Scaling all virtual
momenta in units of q, the one-loop correction is the finite part of the following expression
IL ∼ 1
(2pi)2
(
H
Mp
)4 1
q3
∫ ∞
1
dP
1
δ
[J1(P, δ) + J2(P, δ)]
(
1 + δ log
(
H
µ
))
= − 1
(2pi)2
(
H
Mp
)4 1
q3
[J1 + J2] log
(
H
µ
)
, (2.25)
where J1(P, δ), J2(P, δ) denote the two functions arising from each time integral contour in (2.12)
and J1,2 in (2.23) are then simply the constant terms that can be read off from the Taylor expansion
of J1(P, δ) + J2(P, δ) in the small variable P
− 1
δ . For all matter fields we consider in this paper, the
one-loop correction is of this form. Finally, we note that the other δ-dependent terms in (2.14),
apart from qδ, do not contribute to this logarithmic running apart from unimportant numerical
constants. Explicitly, the factor
piδ/2
Γ(1 + δ2)
≈ 1 + δ
(
γ
2
+
1
2
Log(pi)
)
+ . . . ,
whereas expanding the sinδ Θ term introduces a term Log
(
1− (p22−p21−1)2
4p2
)
in the integrand, which
gives rise to an unimportant numerical constant. In the subsequent sections, we present some
details of J1(P, δ), J2(P, δ) for each matter field and thus also the one-loop logarithmic correction.
2.4.2 A covariant cutoff regularization
Another regularization method that we adopt to derive our result is that of cutoff regularization.
This is generally a straightforward procedure apart from perhaps some subtleties that we will now
explain. In the absence of any regularization, the momenta integrals in (2.12) diverge. Suppose we
wish to place a certain momentum cutoff. As first explained in [2], this momentum cutoff defined
for the comoving momentum carries the same scaling ambiguity as that of the scale factor. The
physical cutoff should be defined in terms of proper length scales. Denoting Λphy as the ‘physical’
momentum cutoff, we can write
Λphy =
L
a(τq)
, (2.26)
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where we have used the scale factor at horizon-crossing, noting that the integrals are dominated by
dynamics at horizon-crossing where a(τq) = q/H(τq). This implies that we can write the cutoff as
L
q
=
Λphy
H(τq)
(2.27)
leading to the effective replacement in (3.9)
log
(
q
µ
)
→ log
(
H
µ
)
, (2.28)
where µ is the renormalizaion scale. In the subsequent section, we will present the cutoff regularized
results for each matter field and we’ll see that in every case, they match consistently with the result
derived in dimensional regularization.
3 One-loop logarithmic corrections due to massless spectator fields
3.1 Dirac Fermions
We consider massless Dirac fermions coupled to the inflationary background as described by the
action
Sfermion =
∫
d4x
√−g i
2
(ϕΓµDµϕ−DµϕΓµϕ) (3.1)
where Γµ = eµaγa are the Dirac matrices on the FRW spacetime with vierbein e
µ
a =
1
a(τ)δ
µ
a , γa are
Dirac matrices on Minkowski spacetime, and Dµ = ∂µ + Ωµ is the covariant derivative with spin
connection Ω. For the FRW background, D0 = ∂0,Dk = ∂k + H2 γkγ0.
With the metric perturbation switched on, one can expand the Lagrangian to first-order in
metric fluctuation hij and after a Legendre transform, we obtain the interaction Hamiltonian
H = − i
2
∫
d3x a3(τ)hij
[
ϕγi∂jϕ− ∂iϕγjϕ
]
. (3.2)
The spinor fields can be expanded in terms of modes labelled by spin index λ
ϕ =
∫
d3pei~p·~x
∑
λ
(
a~p,sU~p,s(τ) + b
†
−~p,sV−~p,s(τ)
)
, (3.3)
with the oscillator algebras being
{a~p,λ, a†~p′,λ′} = δ3(~p− ~p′)δλλ′ , {b~p,λ, b†~p′,λ′} = δ3(~p− ~p′)δλλ′ ,
and the normalization condition
U~p,sU ~p,s = V~p,sV ~p,s =
γµpµ
2(2pi)3a3(τ)p
. (3.4)
The spinor field 4-point function can be expressed as
〈ϕ(x1)γl∂kϕ(x1)ϕ(x2)γj∂iϕ(x2)〉 =
∫
d3pd3p′ ei(~p+~p
′)(~x1−~x2)p′kpie−i(p+p
′)(τ1−τ2)
∑
s,s′
U ~p,sγ
jV~p′,s′V ~p′,s′γ
lU~p,s.
(3.5)
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Simplifying further using∑
s,s′
U ~p,sγ
jV~p′,s′V ~p′,s′γ
lU~p,s =
∑
s,s′
Tr
(
γl
(
/p
2(2pi)3p
)
γj
(
/p′
2(2pi)3p′
))
=
1
4(2pi)6pp′
Tr
(
γl/pγ
j
/p
′
)
,
(3.6)
we can contract it with the graviton’s polarization tensors to obtain
G(p1, p2, q) = −N(pk2 − pk1)(pi1 − pi2)Tr(γl /p1γj/p2)
∑
λ,λ′
kl(q, λ)
∗
mn(q, λ)
∗
ij(q, λ
′)mn(q, λ′)
= N(2pk1 + q
k)(2pi1 + q
i)
[
(p1p2 − ~p1 · ~p2)4δlj + 4(pl1pj2 + pj1pl2)
]
×2 (δkiδlj − δkiqˆlqˆj − δlj qˆkqˆi + qˆkqˆlqˆiqˆj)
= −N 4
q4
(
p21 + 2p1p2 + p
2
2 − q2)2(p41 − 4p31p2 + 6p21p22 − 4p1p32 + p42 − q4
)
whereN = 4
(4pi)3q6
H4
M4p
and we have invoked the useful identity Tr(γaγbγcγd) = 4
(
ηabηcd − ηacηbd + ηadηbc)
to write
Tr
(
γlγµγjγβ
)
pµp
′
β = pp
′Tr
(
γlγ0γjγ0
)
+ pbp′d4
(
ηlbηjd − ηljηbd + ηldηbj
)
= (pp′ − ~p · ~p′)4δlj + 4(plp′j + pjp′l). (3.7)
We absorb all time-dependent functions into F1(p1, p2, q), F2(p1, p2, q) which represent the two time
integration contours. In this case, it reads
F1(p1, p2, q) =
∫ 0
−∞+
dτ2
∫ τ2
−∞+
dτ1e
−i(p1+p2)(τ1−τ2)(1 + iqτ1)(1 + iqτ2)e−iq(τ1+τ2)
F2(p1, p2, q) =
∫ 0
−∞+
dτ1
∫ 0
−∞−
dτ2e
−i(p1+p2)(τ1−τ2)(1 + iqτ1)(1− iqτ2)e−iq(τ1−τ2) (3.8)
After performing the time integrals, one can proceed to evaluating (2.12). Directly performing the
momenta integration with a cutoff yields (L˜ = L/q )
I1 + I2 =
32
5
Log(L˜)− 32
5
[
−1 + L˜
(
−5 + 2L˜(−5− 5L˜+ 2L˜3)
)]
Log(1 + L˜−1) + . . . ∼ −32
5
Log(
q
µ
)
(3.9)
where the ellipses refer to terms which are polynomial in L˜. The logarithmic term yields the finite
one-loop correction which is thus
IL = − H
4(τq)
(2pi)2M4p q
3
× 32
5
Log
(
H
µ
)
. (3.10)
We note that the first time integral contour does not contribute. This is mirrored in the alternative
method of dimensional regularization. Following (2.25), we have from each time integration contour
1
δ
∫ ∞
1
dP J1(P, δ) =
4
δ
∫ ∞
1
dP
16
P−
4
δ
− 16
5P−
3
δ
− 208
35P−
2
δ
+
316
105P−
1
δ
+ . . . (3.11)
and
1
δ
∫ ∞
1
dP J2(P, δ) =
4
δ
∫ ∞
1
dP
16
5P−
3
δ
− 316
105P−
1
δ
+
8
5
− 32P
− 2
δ
105
+ . . . (3.12)
Combining both I1 and I2, we obtain the identical one-loop logarithmic correction (3.10) computed
in cutoff regularization.
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3.2 Minimally coupled scalars
We consider the minimally coupled scalar with action
Sscalar =
1
2
∫
d4x
√−ggµν∂µφ∂νφ. (3.13)
Switching on the metric perturbation and keeping to first-order, after performing a Legendre trans-
form, we obtain the interaction Hamiltonian to read
Hint =
1
2
∫
d3x a2(τ)hij∂iφ∂jφ. (3.14)
The scalar field can be expanded in terms of modes with Bunch-Davies initial condition as
φ =
∫
d3k ei
~k·~x
(
χk(τ)a~k + χ
∗
k(τ)a
†
−~k
)
(3.15)
with [a~k, a
†
~k′
] = δ3(~k − ~k′) and the modes being
χk(τ) =
H√
2(2pi)3/2k3/2
e−ikτ (1 + ikτ). (3.16)
We compute the 4-point function of the scalar fields to be
〈∂kφ∂lφ1∂iφ2∂jφ2〉 =
∫
d3p1d
3p2e
i(~p1+~p2)(~x1−~x2)
[
pk1p
i
1p
l
2p
j
2 + p
k
1p
j
1p
l
2p
i
2
]
χp1(τ1)χp2(τ1)χp1(τ2)χp2(τ2)
(3.17)
where we have excluded tadpole diagrams. Contracting it with the graviton’s polarization tensors
yields
G(p1, p2, q) = β
p31p
3
2
[(
p21 −
(~p1 · ~q)2
q2
)(
p22 −
(
q2 + ~p1 · ~q
q
)2)]
. (3.18)
where β = 2
(2pi)3
(
H
Mp
)4
1
q2
and ~p1 · ~q = 12
(
p22 − p21 − q2
)
. All time-dependent functions are captured
in F1(p1, p2, q), F2(p1, p2, q) which represent the two time integration contours. In this case,
F1(p1, p2, q) =
∫ 0
−∞+
dτ2
∫ τ2
−∞+
dτ1
[
(1 + iqτ1)(1 + ip1τ1)(1 + ip2τ1)(1 + iqτ2)(1− ip1τ2)(1− ip2τ2)
×e−iq(τ1+τ2)+i(p1+p2)(τ2−τ1)
]
,
F2(p1, p2, q) =
∫ 0
−∞+
dτ1
∫ 0
−∞−
dτ2
[
(1 + iqτ1)(1− iqτ2)(1 + ip1τ1)(1 + ip2τ1)(1− ip1τ2)(1− ip2τ2)
×ei(q+p1+p2)(τ2−τ1)
]
. (3.19)
After completing the time integrals, we performed the momenta integrals in (2.12) to obtain in
cutoff regularization
I1 + I2 =
78
5
LogL˜+ 4
(
39
10
+
8
L˜
− 10L˜− 12L˜3 + 34L˜
5
5
)
Log(1 + L˜−1) + . . . , (3.20)
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where the ellipses are polynomials in L˜. And thus, after covariantizing the cutoff, we obtain the
one-loop correction to be
It = − 1
(2pi)2q3
H4
M4p
×
(
78
5
)
Log
(
H
µ
)
. (3.21)
Contrary to the Dirac fermion case, this time we find that the second time integral contour does
not contribute. (i.e. only I1 in (2.12) contributes to (3.21). From dimensional regularization, we
also obtain an identical finite one-loop logarithmic correction term. Following (2.25), each time
integration contour gives
1
δ
∫ ∞
1
dP J1(P, δ) =
2
δ
∫ ∞
1
dP
54
5P−
4
δ
− 1093
105P−
2
δ
+
39
5
− 5P
− 1
δ
3
+ . . . (3.22)
and
1
δ
∫ ∞
1
dP J2(P, δ) =
2
δ
∫ ∞
1
dP =
5P−
1
δ
3
− 81P
− 3
δ
28
+ . . . (3.23)
Combining both I1 and I2, we obtain the finite term to be (3.21). The overall sign of the logarithmic
correction is the same as that of fermions yet it arises from the different part of the in-in contour.
3.3 The abelian gauge field
We consider an abelian gauge field residing on the FRW background with action
Smaxwell = −
∫
d4x
√−g1
4
gµαgνβFαβFµν . (3.24)
Keeping to first-order in metric perturbation, after performing a Legendre transform, we find the
interaction Hamiltonian
Hint =
1
2
∫
d3x hτνF
νµFµ
τ
= −1
2
∫
d3x hik
(
∂0A
k∂0A
i − ∂[kAj]∂[jAi]
)
≡ 1
2
∫
d3x hikGki. (3.25)
The gauge field can be expanded in terms of modes as follows
Ai(~x, τ) =
∫
d3q
∑
λ
ei~q·~x
(
ei(qˆ, λ) a~q,λAq(τ) + e∗i (−qˆ, λ) a†−~q,λA∗q(τ)
)
, A0 = 0, (3.26)
where λ labels the polarization mode with the polarization vectors satisfying∑
λ,λ′
e∗i (qˆ, λ)ej(qˆ, λ
′) = δij − qˆiqˆj ≡ P ij(qˆ),
and the oscillators obeying the canonical relation [a~p,λ, a
†
~p′,λ′ ] = δ
3(~p − ~p′)δλλ′ . Also, the mode
wavefunctions are
Aq(τ) = 1
(2pi)3/2
√
2q
e−iqτ , (3.27)
14
which solves Maxwell’s equations on a conformally flat spacetime. We have gauge-fixed the system
which contains two (λ = ±1) physical propagating degrees of freedom. Substituting the mode
expansion into the four-point function and omitting tadpole diagrams, we obtain after some algebra,
〈0|Glk(x1)Gji(x2)|0〉 = 1
4
∫
d3p1d
3p2d
3p′1d
3p′2 e
i(~p1+~p2)·(~x1−~x2)[
δ3(~p2 + ~p
′
1)δ
3(~p1 + ~p
′
2) + δ
3(~p1 + ~p
′
1)δ
3(~p2 + ~p
′
2)
](
elp1e
k
p2A˙p1(τ1)A˙p2(τ1) + p
[l
1e
s]
p1p
[s
2 e
k]
p2Ap1(τ1)Ap2(τ2)
)
×
(
e∗j−p′1e
∗i
−p′2A˙
∗
p′1
(τ2)A˙∗p′2(τ2) + p
′[j
1 e
∗s]
−p′1p
′[s
2 e
∗i]
−p′2A
∗
p′1
(τ2)A∗p′2(τ2)
)
(3.28)
where the delta functions arise from the VEV 〈0|a~p1a~p2a†−~p′1a
†
−~p′2 |0〉. It is convenient to express the
virtual momenta in terms of unit vectors after which we are left with a remnant dimension-2 factor
of p1p2. The mode wavefunctions all yield a common phase factor e
−i(p1+p2)(τ1−τ2) and a constant
factor of 1
4(2pi)6
. Integrating over the primed momenta, we obtain
〈0|Glk(x1)Gji(x2)|0〉 = N
∫
d3p1d
3p2 e
i(~p1+~p2)·(~x1−~x2)e−i(p1+p2)(τ1−τ2)p1p2Clkji(p1, p2) (3.29)
where N = 1
2(2pi)6
and Clkji(p1, p2) is a function of p1, p2 that reads
Clkji(p1, p2) = P li(pˆ1)P kj(pˆ2)− P l[i(pˆ1)pˆs]1 P k[j(pˆ2)pˆs]2 − P i[l(pˆ1)pˆs]1 P j[k(pˆ2)pˆs]2
+ pˆ
[l
1 pˆ
s][i(pˆ1)pˆ
r]
1 pˆ
[s
2 pˆ
k][r(pˆ2)pˆ
j]
2 . (3.30)
In obtaining G(p1, p2, q) in (2.12) , we find the following identities useful:
P li(pˆ1)P
li(pˆ2) = 1 + (pˆ1 · qˆ)2,
pˆl1pˆ
i
1P
li(qˆ) = 1− (pˆ1 · qˆ)2,
P js(pˆ2)P
si(pˆ1) = P
ji(pˆ2) + pˆ
i
1
(
pˆj2(pˆ2 · pˆ1)− pˆj1
)
. (3.31)
We find that contracting the spacetime indices with those of the graviton polarization tensors yields
(below, we introduce the symbols S = pˆ1 · pˆ2, R1 = pˆ1 · qˆ, R2 = pˆ2 · qˆ to simplify our notation)
G(p1, p2, q) = N
[
(1 + S2)(1 +R21)(1 +R
2
2) + (1−R21)(1−R22)(1 + S2)
+ 2S
[
R21 − 1 + (1 + S)(1−R21)2 + (1−R22)[R1R2 − S]
−(1−R21)[1 +R21 − (1 +R2)(1− S2)
]
+ 2(R2 − SR1)(SR2 −R1)
−2S(1− S2) + 2(1− S2)(1−R22)(1 +R21)− 4(1 + S)(R21 − 1)S(1 +R22)
−4(1−R22)(R2 − SR1)SR1 − 2S(1 +R21)(1 +R22) + 4(R21 − 1)(1 + S)(1 +R22)
−4R21(R21 − 1)− 2(1−R41)− 2(1−R22)(1 + S)(1−R21)
]
(3.32)
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where N = 2p1p2
(2pi)3q4
H4
M4p
. We assemble all time-dependent parts of various modes wavefunctions into
the two time integrals which read
F1(p1, p2, q) =
∫ 0
−∞+
dτ2
∫ τ2
−∞+
dτ1 e
−iq(τ1+τ2)e−i(p1+p2)(τ1−τ2)(1 + iqτ1)(1 + iqτ2) (3.33)
F2(p1, p2, q) =
∫ 0
−∞+
dτ1
∫ 0
−∞−
dτ2 e
−iq(τ1−τ2)e−i(p1+p2)(τ1−τ2)(1 + iqτ1)(1− iqτ2) (3.34)
Upon performing the momenta integrals in (2.12), we find the logarithmic divergence via cutoff
regularization to be
IL = − 1
(2pi)2
H4
M4p
1
q3
2657
315
Log
(
H
µ
)
. (3.35)
We find identical results from dimensional regularization. Following (2.25), for I1 in (2.12), we have
1
δ
∫ ∞
1
dP J1(P, δ) = 2
1
δ
∫ ∞
1
dP
(
70
3P−
4
δ
− 14
3P−
3
δ
− 233
21P−
2
δ
+
493
70P−
1
δ
+
199
126
− 779P
− 1
δ
315
+ . . .
)
,
(3.36)
whereas for I2, we have
1
δ
∫ ∞
1
dP J2(P, δ) = 2
1
δ
∫ ∞
1
dP
(
14
3P−
3
δ
− 373
70P−
1
δ
+
277
105
+
383P−
1
δ
315
+ . . .
)
. (3.37)
Combining both I1 and I2, we obtain the finite term to be -
2657
315δ after integrating and taking into
account qδ term, which leads to (3.35)
3.4 Spin-3
2
field: the massless gravitino
In the following, we compute the one-loop correction to the primordial tensor spectrum due to a
free, massless spin-32 field as described by the Rarita-Schwinger Lagrangian defined on the FRW
background. Compared to the previous cases, the computational process is somewhat more intricate
essentially due to an enhanced gauge symmetry that arises in the massless case which makes
extracting the physical degrees of freedom of the spin-32 field and the derivation of the interaction
Hamiltonian somewhat more complicated.
In SUGRA theories, the gravitino field is typically described by a Majorana spinor field with a
vector index ψµ that belongs to the
[
(12 , 0)⊕ (0, 12)
]⊗ (12 , 12) representation of the Lorentz group.2
One can extract the
(
1, 12
) ⊕ (12 , 1) components by imposing a suitable gauge . In the massive
case, the gravitino field possesses both a spin-32 component and a spin-
1
2 longitudinal mode. In
the massless case, the spin-12 goldstino field can be projected away by imposing another constraint
which we take to be ψ0 = 0.
What is crucial for our one-loop computation is an explicit expression for the spin-32 helicity
sum which we develop in this section and by which we demonstrate how each propagating degree
of freedom can be neatly written as the product of a spin-1 and spin-12 field components. After
deriving the interaction Hamiltonian and the helicity sum formula for the gravitino field, we then
compute the one-loop correction just as in the preceding sections.
2See for example [13] for a nice review on this point.
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3.4.1 Gravitino propagating on the FRW background and a helicity sum formula for
the massless spin-32 field.
We first recall that in Minkowski spacetime, the massive Rarita-Schwinger equation reads3
i
2
(
γαγµγβ − γβγµγα
)
∂βψµ +
m
2
[γα, γβ]ψβ = 0, (3.38)
where ψα is a set of four Majorana spinors. Contracting the LHS of (3.38) with γα and ∂α, we
obtain the equations
γαψα = ∂
αψα = 0 (3.39)
which imply that we have two dynamical spinor fields and they correspond to spin-32 and spin-
1
2
fields with each spinor satisfying the Dirac equation. In this paper, for simplicity, we focus on the
massless case in which SUSY is unbroken. Now in the massless case, the equation of motion is
invariant under
ψα → ψα + ∂α (3.40)
for some spacetime-dependent spinor . This gauge symmetry can be partially fixed by choosing
γαψα = 0 (which unlike the massive case does not necessarily follow from the equation of motion).
The residual gauge symmetry is parametrized by some  satisfying γα∂α = 0. We can thus impose
one more constraint to fully fix the gauge ending up with only spin-32 fields capturing the physical
degrees of freedom. In our paper, we adopt
ψ0 = 0, γαψα = 0 (3.41)
to be our gauge conditions for the massless gravitino field.
On the cosmological FRW background, much of the features discussed above remain the same.
The partial derivative is replaced by a covariant one as follows
Dµ = ∂µ +
1
8
ωµab
[
γa, γb
]
, ωµab =
1
2
(−Cµab + Cabµ + Cbµa) , Caµν = ∂µeaν − ∂νeaµ−
1
2M2p
ψµγ
aψν ,
(3.42)
where 1
2M2p
ψµγ
aψν is the torsion term in the connection. The torsion could only modify the pri-
mordial tensor spectrum at three-loop level and for our purpose here we will not consider it further.
Our starting point is the Rarita-Schwinger action
Srs = i
∫
d4x
√−g 1
3!
ψµΓ
µνρDνψρ, (3.43)
where Γµ = eµaγa and Γµνρ = Γ[µΓνΓρ] is the completely anti-symmetrized product of the Dirac
matrices. Again, in the absence of torsion, we note that D0 = ∂0, Dk = ∂k+ H2 γkγ0. The equations
of motion can be simply expressed as
γµνρ (∂ν + Ων)ψρ = 0. (3.44)
We find that upon imposing the gauge conditions ψ0 = 0, γαψα = 0 and working in conformal time,
the µ = 0 equation is identically satisfied whereas taking µ to be a spatial index yields
γ0∂τψ
(T )
k + γ
j∂jψ
(T )
k +
H
2
γ0ψ
(T )
k = 0, (3.45)
3See for example [14] and [15] for a nice exposition of the Rarita-Schwinger equation in relation to cosmology.
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where we have used the superscript on ψ(T ) to denote the fact that the spinor has been gauge-fixed.
In particular (3.45) implies that if we define
ψ
(T )
k =
1√
a
Ψk, (3.46)
then γµ∂µΨk = 0 so we can understand Ψk to be satisfying the ordinary Dirac equation on flat
spacetime.4 We note that the gauge contraints can be expressed through a projection. In momen-
tum space, we find that we can decompose the spinor into the gauge-fixed piece and remaining
degrees of freedom as follows.
ψi = ψ
(T )
i +
(
1
2
γi − 1
2
kˆi(kˆ · ~γ)
)
γjψj −
(
3
2
kˆi +
1
2
γi(kˆ · ~γ)
)
kˆjψj ,
or ψ(T )i =
[
δij −
(
1
2
γi − 1
2
kˆi(kˆ · ~γ)
)
γj +
(
3
2
kˆi +
1
2
γi(kˆ · ~γ)
)
kˆj
]
ψj . (3.47)
One can check that (3.47) implies the gauge conditions γαψ
(T )
α = kαψ
(T )
α = 0. Henceforth, we will
be working with the gauge-fixed spinor and hence will drop the superscript on the spinor to ease
notations.
In momentum space, the fourier components of the projected spinors satisfy the following sum
rule which is essential for our computation of the loop corrections later.
P ij(~k) =
∑
λ=± 3
2
ψi(~k, λ)ψ
j
(~k, λ) =
Nk
2
(
γj − kˆj
(
kˆ · ~γ
))
γµkµ
(
γi − kˆi
(
kˆ · ~γ
))
, (3.48)
where λ labels the spin-32 helicity states, and Nk =
1
2k(2pi)3a(τ)
is a normalization factor identical
to the case of massless Dirac fermions on a conformally flat spacetime. The projector satisfies the
gauge contraints
γiP ij = kˆiP ij = 0.
In the ordinary Dirac fermion theory, the spinor field has no vectorial index and the analogue of
(3.48) is simply the propagator. We will need (3.48) in computing the correlation function of the
spinor fields in our calculation of the one-loop correction.
In the following, we derive (3.48) and in the process demonstrate how each of the two spin-32
components of the projected gravitino spinor can be understood as arising from taking a suitable
product of the massless spin-1 field polarization vector and a chiral spinor.5 We will work in
momentum space and for the purpose of deriving (3.48), we need a specific representation of the
Dirac matrices. For convenience, we pick the Weyl representation in which
γµ =
(
0 σµ
σµ 0
)
, σµ = (1, ~σ), σµ = (1,−~σ). (3.49)
4Now the spacetime index on ψ is raised/lowered using the metric tensor, so this implies that (3.45) can also be
written as γ0∂τψ
(T )k + γj∂jψ
(T )k + 5H
2
γ0ψ(T )k = 0, which implies the identification ψ(T )k = 1
a5/2
Ψk.
5We note that our result is largely the same as an expression presented in [16] which carried out a different
derivation and of which final result differs from ours possibly due to spinor normalization among other reasons.
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A 4-dimensional Dirac spinor U(~k) can be decomposed in terms of a pair of massless left- and
right-handed spinors by writing
U(~k) =
(
uL(~k)
uR(~k)
)
≡ UL(~k)⊕ UR(~k), (3.50)
where we normalize the two-component spinors as follows
uR(~k)u
†
R(
~k) = Nkkµσ
µ, uL(~k)u
†
L(
~k) = Nkkµσ
µ. (3.51)
On the other hand, it is known that the massless spin-1 polarization vectors can be expressed in
terms of these chiral spinors as follows (see for example [17] ).
ei−1(~k) = −
1√
2
UR(−~k)γiUR(~k)
UR(−~k)UL(~k)
, ei1(
~k) = − 1√
2
UL(−~k)γiUL(~k)
UL(−~k)UR(~k)
. (3.52)
Substituting (3.51) into (3.52) yields the following useful relations for the spin-1 polarization vectors.
ei−1(~k)e
∗j
−1(~k) =
U †R(−~k)γiUR(~k)U †R(~k)γjUR(−~k)
2U †R(−~k)UR(~k)U †R(~k)UR(−~k)
=
1
8
Tr
(
σiuR(~k)u
†
R(
~k)σjuR(−~k)u†R(−~k)
)
=
1
2
(
δij − kˆikˆj + iijmkˆm
)
≡ 1
2
P ij↓ (kˆ), (3.53)
and similarly,
ei1(
~k)e∗j1 (~k) =
1
2
(
δij − kˆikˆj − iijmkˆm
)
≡ 1
2
P ij↑ (kˆ). (3.54)
We note that (3.53) and (3.54) imply that
∑
λ={−1,1} e
i
λe
∗j
λ = δ
ij−kˆikˆj = Pij = 12
(
P ij↓ (kˆ) + P
ij
↑ (kˆ)
)
.
In the Weyl representation, we find that (3.48) can be written as
P ij =
(
0 uLu
†
Le
i
1e
∗j
1
uRu
†
Re
i−1e
∗j
−1 0
)
= ei−1(~k)e
∗j
−1(~k)URUR + e
i
1(
~k)e∗j1 (~k)ULUL. (3.55)
Comparing (3.55) with (3.48), we see that the massless spin-32 field has components that can be
simply decomposed in terms of massless spin-1 and spin-12 degrees of freedom, i.e. we can identify
ψi
(
~k,
3
2
)
= ei1(
~k)UL(~k), ψ
i
(
~k,−3
2
)
= ei−1(~k)UR(~k), (3.56)
where UL,R(~k) are the left- and right-handed massless Dirac spinors of spin ±12 respectively. This
completes our derivation of the helicity sum formula (3.48) which we need for calculating our
one-loop correction term.
3.4.2 The interaction Hamiltonian from linear fluctuations
In this Section, we derive the interaction Hamiltonian for the massless gravitino. Our final result
is the following expression:
Hint = i
∫
d3x a(τ) hik
[
ψiγ
r∂rψk +
1
2
(
ψjη
jmγk∂iψm + ψjγi∂
jψk
)]
, (3.57)
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where in our notational conventions, the indices (apart from those on the spinors) in (3.57) are
raised/lowered via Minkowski metric . In the following, we present the outline for the derivation
of (3.57).
Up to first order, the spin connection remains unchanged and we only need to consider the linear
fluctuations of the vielbeins. From
ΓµνρDνψρ = eµaeνb eρcγabc (∂ν + Ων)ϕρ, eµa =
1
2
[
δµa −
1
2
hµa + . . .
]
(3.58)
we obtain the interaction Lagrangian to be
Lint = i
∫
d3x a(τ)ψµPµνρabc γabcDνψρ, (3.59)
where
Pµνρabc = −
1
2
(δµa δ
ρ
ch
ν
b + δ
ν
b δ
ρ
ch
µ
a + δ
µ
a δ
ν
b h
ρ
c) . (3.60)
Imposing ψ0 = 0, (3.59) then becomes
Lint = i
∫
d3x a(τ)ψi
(
P i0kabcγabc∂0ψk + P ijkabcγabc (∂j + Ωj)ψk
)
. (3.61)
In the following, we furnish some details as to how we obtain (3.57) from (3.61):
(i) We find that the term involving the spin connection Ω in (3.61) vanishes. This term is
ψiP ijkabcγabcΩjψk = −
1
2
ψi
(
γibkhjb + γ
bjkhib + γ
ijbhkb
) H
2
γjγ
0ψk (3.62)
For each term in (3.62), we find
ψiγ
ibkhjbγjγ
0ψk = −12hkbηbiψiγ0ψk,
ψiγ
bjkhibγjγ
0ψk = 6h
i
bη
kbψiγ
0ψk,
ψiγ
ijbhkbγjγ
0ψk = 6h
k
bη
biψiγ
0ψk, (3.63)
and thus ψiP ijkabcγabcΩjψk = 0.
(ii) For the remaining terms involving derivatives of ψ, we find
ψiγ
a0khia∂0ψk = ψiγ
i0chkc∂τψk = 6h
i
aη
akψiγ
0∂τψk,
ψiγ
ibkhjb∂jψk = 6h
j
bη
ikψiγ
b∂jψk,
ψiγ
ijbhkb∂jψk = 6η
bihkbψiγ
j∂jψk − 6ηijhkbψiγb∂jψk. (3.64)
Assembling all the terms together and after a Legendre transformation, we then obtain (3.57). 6
6We note in passing that we can make the reality condition of the classical Hamiltonian real by writing Hint(~x, τ) =
1
2
a(τ)hik
[
ψiγ
r∂rψk − ∂rψiγr∂rψk + 12
(
ψjη
jmγk∂iψm − ∂iψjηjmγkψm + ψjγi∂jψk − ∂jψkγiψj
)]
. One can check
that this yields the same results as adopting (3.57).
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3.4.3 The gravitino correction at one-loop
In the following, we compute the one-loop correction to the tensor spectrum due to the free massless
gravitino propagating on the FRW background. We can writen its mode expansion as
ψi(~x, τ) =
∫
d3p
∑
λ
ei~p·~xψi(~p, λ)e−ipτa~p,λ + e−i~p·~xψci (~p, λ)e
ipτa†~p,λ (3.65)
of which form ensures that ψci (~x, τ) = ψi(~x, τ), with the superscript ‘c’ denoting charge conjugation
and the fermionic oscillators obey the anti-commutation relation
{a~p,λ, a†~k,λ′} = δ
3(~p− ~k)δλλ′ .
From (3.57), the interaction Hamiltonian density is of the form
ψm(x)Dmnrkl(x)γrψn(x),
where we define
Dmnklrγr ≡ δmk δnl γr∂r −
1
2
(δmnγl∂k + δ
mrδnl γk∂r) .
In the absence of any differential/matrix-valued operator, the 4-point function involving ψ,ψ reads
〈ψlψkψiψj〉 =
∑
λ1,λ2
∫
d3p1d
3p2e
−i(p1+p2)(τ1−τ2)ei(~p1+~p2)·(~x1−~x2)
×ψcl(~p1, λ1)ψk(~p2, λ2)
[
ψi(~p2, λ2)ψ
c
j(~p1, λ1)− ψi(~p1, λ1)ψcj(~p2, λ2)
]
, (3.66)
where we note that the first and second term in the bracket corresponds to the contraction between
the second and third spinor field and that between the second and last spinor field respectively, the
negative sign due to the anti-commuting nature of the oscillators.
To proceed, we commit to various specific representations of the Dirac algebra at various points
in the following computation. Earlier on, we had worked in the Weyl representation when demon-
strating how the form of P ij can be derived from decomposing a spin-32 field in terms of lower spin
ones. For the purpose of computing the VEV, we now pick the Majorana representation7 in which
all the Dirac matrices are purely imaginary and
ϕc = ϕ∗. (3.67)
Let us proceed to simplify the gravitino correlation function.The interaction Hamiltonian contains
terms of the following form
〈ψlγaψkψiγbψj〉.
Using the anticommuting nature of the oscillators, the first term ψcl(~p1, λ1)γ
aψk(~p2, λ2)ψi(~p2, λ2)γ
bψcj(~p1, λ1)
can be easily seen to be equivalent to
Tr
[
Pjl(~p1)γaPki(~p2)γb
]
.
7In this representation, we have γ0 being Hermitian and γk being anti- Hermitian. For example, γ0 = σ2⊗σ1, γ2 =
σ2 ⊗ iσ2, γ1 = iσ1 ⊗ 1, γ3 = iσ3 × 1. But we won’t actually need any particular choice in the rest of our workings.
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The second term ψcl(~p1, λ1)γ
aψk(~p2, λ2)ψi(~p1, λ1)γ
bψcj(~p2, λ2) is not so immediately obvious in
terms of how it can be expressed in terms of the projector P ij . Making visible the matrix component
indices (with capitalized Roman indices), we find that we can massage it to be in the form(
γ0
)
MN
P liMS(~p1) (γa)NJ PkjJQ(~p2)
(
γb
)
SK
(
γ0
)
QK
= Tr
(
γaPkj(~p2)γ0
(
γb
)T P li(T )(~p1)γ0)
= −Tr
(
γaPkj(~p2)γbP il(~p1)
)
, (3.68)
where we have invoked the useful relation
P ij(T )(~p) = −Pji(−~p), γ0P ij(~p)γ0 = P ij(−~p). (3.69)
So this implies that the second term is related to the first one by switching i ↔ j. But when
differential operators are involved, we need to switch the momenta sign for the last two spinors.
Taking into account the full Hamiltonian, after some algebra, we find the gravitino correlation
function to be∫ ∫
d3p1d
3p2e
−i(p1+p2)(τ1−τ2)+i(~p1+~p2)·(~x1−~x2)(ps1 + p
s
2)
×Tr
[(
γsPjl(~p1)γrPki(~p2)
)
pr2(p
s
1 + p
s
2) +
(
γsPjb(~p1)γlPai(~p2)
)
pk2(p
s
1 + p
s
2)η
ab
+
(
γsPjr(~p1)γkP li(~p2)
)
pr2(p
s
1 + p
s
2) +
1
2
(
γjPdb(~p1)γlPac(~p2)
)
pk2(p
i
1 + p
i
2)η
abηcd
+
1
2
(
γjPdr(~p1)γkP lc(~p2)
)
pr2(p
i
1 + p
i
2)η
cd +
1
4
(
γiPjr(~p1)γkP ls(~p2)
)
pr2p
s
1
+
1
4
(
γiPsr(~p1)γkP lj(~p2)
)
pr2p
s
2
]
, (3.70)
where we have in the process of simplification used (3.69) repetitively and the fact that we are
integrating over all momenta space of p1, p2 which can be interchanged as dummy variables. We
also used the fact that switching the sign of the momenta doesn’t matter since it is multiplied
to the graviton 4-point function which eventually depends on ~q = −~p1 − ~p2. At this point, we
judiciously turn to the Weyl representation for an easier computation of the trace. 8 In terms of
Pauli matrices and the spin-1 projectors, each matrix trace reads
Tr
[
γaPbs(~p1)γrP ij(~p2)
]
= Tr
(
σa /p1σ
r
/p2
)
P bs↓ (pˆ1)P
ij
↓ (pˆ2) + Tr
(
σa /p1σ
r
/p2
)
P bs↑ (pˆ1)P
ij
↑ (pˆ2) (3.71)
with
Tr
[
σa /p1σ
r
/p2
]
= 2δar(p1p2 − ~p1 · ~p2) + 2pa1pr2 + 2pr1pa2 + 2ip1p2alr(pˆ1l − pˆ2l). (3.72)
Defining
Mar = δar(1− pˆ1 · pˆ2) + pˆ1rpˆ2a + pˆ2rpˆ1a + iarl(pˆ1l − pˆ2l),
8 Otherwise, without further simplification/insight, the algebra involves manipulating the spacetime indices con-
tained in the trace of 8 gamma matrices which involve 105 terms involving products of kronecker delta tensor.
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after some algebra, we find that the product of the gravitino and graviton correlation functions
reads ∫ ∫
d3p1d
3p2e
−i(p1+p2)(τ1−τ2)+i(~p1+~p2)·(~x1−~x2)(ps1 + p
s
2)
×
([
2M srP ki↑ (~p2)P
jl
↑ (~p1)q
rqs + 2M skP jr↑ (~p1)P
li
↑ (~p2)q
rqs
+M ikP jr↑ (~p1)P
ls
↑ (~p2)q
rqs + +M ikP sr↑ (~p1)P
lj
↑ (~p2)q
rqs
]
+2M slP jb↑ (~p1)P
ai
↑ (~p2)η
abqkqs +M jlP db↑ (~p1)P
ac
↑ (~p2)η
abqkqi
+M jkP dr↑ (~p1)P
lc
↑ (~p2)η
cdqrqi
)
× 〈hklhijhmnhmn〉. (3.73)
The integrand terms outside the square bracket can be shown to vanish since they involve momenta
4-vectors with the free indices and they are multiplied to the graviton correlation function which
contains polarization tensors satisfying∑
λ,λ′
kl(qˆ, λ)
∗
mn(qˆ, λ)
∗
ij(qˆ, λ
′)mn(qˆ, λ′) = 2
(
P ki(qˆ)P lj(qˆ) + P kj(qˆ)P li(qˆ)− P kl(qˆ)P ij(qˆ).
)
(3.74)
After using (3.74) in the midst of some heavy algebra, we find that the contraction between the
gravitino and graviton correlation function yields the following function G(p1, p2, q) in the master
formula (2.12):
G(p1, p2, q) = NG
(
[1− pˆ1 · pˆ2 + 2qˆ · pˆ1qˆ · pˆ2]
[
(1 + (qˆ · pˆ1)2)(1 + (qˆ · pˆ2)2)− 4qˆ · pˆ2qˆ · pˆ1
]
+2
(
(pˆ1 · pˆ2)2 − 1
)− qˆ · pˆ1qˆ · pˆ2 − (qˆ · pˆ1)2 [pˆ1 · pˆ2 − 2qˆ · pˆ1qˆ · pˆ2]
−2(1− pˆ1 · pˆ2) + 2(qˆ · pˆ2pˆ1 · pˆ2)(1 + 3qˆ · pˆ1qˆ · pˆ2)− 6(pˆ1 · pˆ2)2qˆ · pˆ1 − 4qˆ · pˆ1((qˆ · pˆ1)2 − 1)
+(1− qˆ · pˆ1qˆ · pˆ2)(1 + (qˆ · pˆ2)2)(1− (qˆ · pˆ1)2)− 2qˆ · pˆ2(qˆ · pˆ1 − qˆ · pˆ2)
+2
(
(pˆ1 · qˆ)2(qˆ · pˆ2)− qˆ · pˆ1pˆ1 · pˆ2
)
(qˆ · pˆ1 − qˆ · pˆ2)
+(1− qˆ · pˆ1qˆ · pˆ2)
[
(pˆ1 · pˆ2 − qˆ · pˆ1qˆ · pˆ2)(qˆ · pˆ1qˆ · pˆ2 − 1) + (1− (qˆ · pˆ1)2)(1 + (qˆ · pˆ2)2)
])
,
(3.75)
where NG = − 1(2pi)3q4 H
4
M4p
takes into account all the normalization constants. For the time integrals,
from the gravitino correlation function, we have the factor e−i(p1+p2)(τ1−τ2) just like the case of the
gauge field and fermions. Hence the time integrals F1(p1, p2, q) and F2(p1, p2, q) are the same as in
those cases:
F1(p1, p2, q) =
∫ 0
−∞+
dτ2
∫ τ2
−∞+
dτ1e
−i(p1+p2)(τ1−τ2)(1 + iqτ1)(1 + iqτ2)e−iq(τ1+τ2),
F2(p1, p2, q) =
∫ 0
−∞+
dτ1
∫ 0
−∞−
dτ2e
−i(p1+p2)(τ1−τ2)(1 + iqτ1)(1− iqτ2)e−iq(τ1−τ2). (3.76)
Performing the momenta integral yields the logarithmic one-loop correction
Igravitino = − 1
(2pi)2
H4
M4p
1
q3
5107
315
Log
(
H
µ
)
, (3.77)
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a result which we also obtain from dimensional regularization. Following (2.25), we find for I1 in
(2.12)
1
δ
∫ ∞
1
dP J1(P, δ) =
1
δ
∫ ∞
1
dP
218
21P−
2
δ
+
17
70P−
1
δ
+
5653
630
+ . . . (3.78)
whereas for I2, we have
1
δ
∫ ∞
1
dP J2(P, δ) = −1
δ
∫ ∞
1
dP
(
218
105P−
1
δ
+
13
15
+ . . .
)
. (3.79)
Combining both I1 and I2, we obtain the finite term to be -
5107
630δ after integrating which leads to
(3.77).
4 On Seagull diagrams
Seagull vertices (see Figure 1b) can potentially contribute to the one-loop logarithmic correction
term since from (2.1), the first-order term is at one-loop order if Hint is quadratic in hij ,
IL = −2Im
(∫ 0
−∞+
dτ〈Hint(τ)hmn(~x, 0)hmn(~x′, 0)〉
)
. (4.1)
On a closer inspection, we find that this cannot contribute to the one-loop logarithmic correction.
In the following, we elaborate on this point.
In (4.1), the correlation function factorizes into a graviton 4-point function and a 2-point func-
tion of the matter fields. The two-point function can be expressed as a momenta-integral, the
integrand having two spacetime indices (to be contracted with two other in the graviton’s 4-point
function) and of which scaling dimension reveals if it potentially harbors the logarithmic running.
By assembling all terms quadratic in the graviton fields, one obtains the interaction Hamiltonian.
After integrating over the dummy spatial coordinate and the virtual momenta of the gravitons, one
finds that for all cases, one ends up with the following schematic form for IL:
IL =
∫ 0
−∞+
dτ
∫
d3p Φij(~p, τ)Hij(~q, τ), (4.2)
where Φij(~p, τ),Hij(~q, τ) are functions arising from the matter and graviton correlation functions
respectively. The interaction Hamiltonian in (4.1) can be obtained by expanding
√−g = √−b
(
1− 1
4
γµν γ
ν
µ + . . .
)
, gij = bij − γij + γikγkj + . . . ,
and for the fermions, we also have relevant terms arising from the spin connection Ωµ = e
ν
a∇µeνb =
1
8 (h
α
b ∂µhαa − hαa∂µhαb) + . . .. For the fermions and gauge field, Φij is time-independent and from
the scaling dimension we can deduce that there is no logarithmic correction term from (4.2).
For the scalar field, the time integral induces some momentum-dependence since Φij is time-
dependent, with the relevant seagull vertices arising from
Hint ∼
∫
d3y
(
hikhkj∂iφ∂jφ− 1
4
hlkhklδ
ij∂iφ∂jφ
)
. (4.3)
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For the first term in the bracket in (4.3), after substituting the modes and taking the VEV, we find
8H4
(2pi)3M4p q
4
Re
(
i
∫ 0
−∞+
dτ
∫
d3p
pipj
p3
(1 + p2τ2)e−2iqτ (1 + iqτ)2(4P ij(qˆ))
)
.
After performing the time integral we obtain∫
d3p
pipj(5q2 − 7p2)
p3
F ij(~q),
where F ij(~q) is some function of ~q only. Taking into account the second term which differs from
the first only by the index structure, we find
IL =
∫
d3p
[
pipj(5q2 − 7p2)
p3
F ij(~q)− 1
4
pmpm(5q2 − 7p2)
p3
Fnn(~q)
]
, (4.4)
from which we deduce that there is no logarithmic correction term.
5 Discussion
We have implemented dimensional regularization and cutoff regularization in the Schwinger-Keldysh
formalism following the broad framework first presented in [2] to compute one-loop corrections to
the two-point correlation function of tensor perturbations in primordial cosmology induced by
massless isocurvature fields of spins < 2. For all cases, we found a logarithmic running of the form
〈hmnhmn〉1−loop = C
q3
H4
M4p
log
(
H
µ
)
, H =
q
a(τq)
, (5.1)
and determined the constant C for each isocurvature field. It is notable that this constant is negative
for all cases considered in this paper and it would be interesting to explore if this is universally true
for all physically relevant fields and if there is a deeper reason. This is not the case for one-loop
corrections to the primordial scalar spectrum as presented recently in [4]. In [9], it was pointed
out that the results of [18] appear to suggest that after resummation of higher loop corrections,
the scalar spectrum should be corrected to be of the form 〈ζζ〉 ∼ 1
q3−ns+c where ns is the scalar tilt
that depends on the slow-roll parameters, and c is a constant of order H
2
M2p
. Although we do not
perform any resummation of higher loop effects in this work, we note that if we assume that they
can be summed up appropriately, our one-loop result would naively suggest that these quantum
corrections on their own lead to a small red-tilt of the tensor spectrum. For example, in a different
yet related context of loop corrections to propagators of isocurvature fields, it was argued in [19]
that via the method of dynamical renormalization group [8], one can view the one-loop late-time
divergence as the first term of an exponential series. If a variant of this approach can be applied
to our one-loop result, this suggests that the quantum corrections to the tensor spectrum induces
a red tilt of the form 1qc where c is a constant of order
H4
M4p
, similar to the suggestion in [9] for the
loop-corrected scalar spectrum. It would be interesting to explore this speculation further.
Moving beyond the context of our work, we hope that our explanation of the regularization
procedures will be relevant and useful for computing loop corrections in the broader picture of
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cosmological perturbation theory. Recent explorations of the cosmological collider program ([20],
[21]) have indicated that the mass and spin of particles present during inflation can leave their
imprints on various cosmological correlation functions and loop effects play a certain role. In [9], it
was argued that gravitino and goldstino loops to the inflaton bispectra bear the imprints of these
particles. Some of our results in Section 3.4 such as the spin-32 helicity sum could potentially be
useful towards extracting these signatures in a deeper analysis of [9].
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